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Abstract 
We show that if n >~6m then it is possible to construct m edge-disjoint maximal planar graphs 
on a set of n vertices, but that it is not possible if n < 6m - 1. We also show that given a pair of 
edge-disjoint maximal planar graphs, and a specified face in one, there exist at least three faces 
in the other which are vertex-disjoint from the specified face. For three edge-disjoint maximal 
planar graphs there exist three faces, one from each graph, which are vertex-disjoint. 
Keywords: Maximal planar graph; Edge-disjoint; Plane triangulation 
1. Introduction 
A maximal planar graph (MPG) is a planar graph to which no more edges can be 
added without destroying its planarity. An MPG may also be called a triangulation of 
its vertex set. A pair of  MPGs is edge-disjoint i f they have the same vertex set and their 
edge sets are pairwise disjoint. Similarly, a set of  MPGs is edge-disjoint i f  the MPGs are 
pairwise edge-disjoint. In this paper we investigate two questions. First, we ask when is 
it possible to have m edge-disjoint triangulations of the same vertex set. Second, if we 
have m edge-disjoint triangulations, can we choose a face from each triangulation so 
that no two faces contain the same vertex? We give partial answers to both questions. 
2. Pairs of edge-disjoint maximal planar graphs 
In a maximal planar graph each face is a triangle, and it follows from the Euler 
polyhedron formula that if such a graph has n vertices then it has 3n - 6 edges and 
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2n-  4 faces. The complete graph on n vertices has n(n -  1)/2 edges. A necessary 
condition for a pair of disjoint triangulations to exist is that n must satisfy 
n(n - 1) 
2(3n - 6) ~< - - ,  
2 
so the first such n is 11. The following theorem shows that this inequality is not a 
sufficient condition. 
Theorem 1. There is no pair of edge-disjoint MPGs on 11 vertices. 
Proof. Assume that an edge-disjoint pair of MPGs, d and ~, exists. Each of them 
has 27 edges and the complete graph Kll has 55 edges, so only one edge of Kll is 
not in either MPG. Therefore, ~¢ U ~ has a subgraph isomorphic to K9. However, this 
is impossible since it is known [1] that K9 is not the union of two planar graphs. [] 
Theorem 2. I f  ~ and ~ are edge-disjoint MPGs then each face in d is vertex- 
disjoint from at least three faces in ~. 
Proof. Let S:{V l ,V2 ,  V3} be any face in ~¢, and Nj be the set of vertices in ~\S  
which have exactly j neighbours in S. We write di for the degree of vertex i in ~. 
The following identities are clear: 
3 
INj.[ =n - 3, (1) 
j=0 
n 
~ di=6n - 12, 
i=1 
dl +d2 +d3 = [Nil + 2[N2[ + 31N3[. 
(2) 
(3) 
Now, consider any vertex v; not in S. It is not hard to see that the number of faces 
which contain vi but which are disjoint from S is di - 2j, where j is the number of vi's 
neighbours which belong to S. The total number of faces in ~ which are vertex-disjoint 
from S is, therefore, 
1_ Z d i -2 j  =5  
3 j=0 i: viEN i i=4 j=0 
The factor ½ appears because ach face is counted 3 times. After applying (1)-(3) 
this becomes 
2 + 2lNo[ + [g , l -  ]g31. (4) 
If the faces adjacent o vlv2v3 in ~'  form a subgraph isomorphic to T6, then there 
are three vertices (in the positions occupied by v4, v5 and v6 in Fig. 1) which can be 
adjacent to at most one member of S in ~. Thus, 
IN0[ + IN11 ~>3 
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Fig. 1. The subgraphs T6(left) and /'5 (right). 
If, instead, the faces form a subgraph isomorphic to T5, then we have one vertex 
which can be adjacent o at most one member of S in ~,  and one which cannot be 
adjacent o any member of  S in ~.  Thus, in this case 
[N01>~ 1, INl1>~1. 
Finally, we have IN3I ~<2 since otherwise ~ contains a copy of K3,3, which is impos- 
sible in a planar graph. Thus, in either case the expression in (4) is at 
least 3. [] 
An MPG on n vertices can be extended to one on n + 1 vertices by inserting a new 
vertex into a face of  the graph, then adding edges between it and the vertices of the 
face. This process is called face triangulation. 
Theorem 3. Any pair of edge-disjoint MPGs with n vertices can be extended to a 
pair with n + 1 vertices. 
Proof. Let d and ~ be edge-disjoint MPGs on n vertices, n>~ 12. By Theorem 2, 
there is a face in d that is disjoint from some face in ~.  Triangulating these faces 
results in the desired triangulations on n + 1 vertices. [] 
3. M-tuples of edge-disjoint maximal planar graphs 
By Euler's polyhedron formula, m edge-disjoint MPGs on n vertices are impossible 
for n < 6m-  1 vertices. In their work on the thickness of the complete graph Beineke and 
Harary gave a construction for m edge-disjoint MPGs on 6m vertices [2]. In Theorem 4 
we will show that this can be extended in a manner similar to Theorem 3 to give a 
set of m edge-disjoint MPGs for any n >/6m. The existence of m edge-disjoint MPGs 
on 6m-  1 vertices is unknown. 
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Table 1 
A set of vertex-disjoint faces in the graphs Gr 
1. bl r Vr W h 
2. Ur Wr Vh 
3, I)r Wr lth 
4. u~ /:'r W~ 
5. . '  Wr' V~ 
6. v¢ w' r u~ 
Theorem 4. There are m edge-disjoint MPGs on n vertices for  n >~6m. 
Proof. Construct m edge-disjoint MPGs with n = 6m vertices by the method of  Beineke 
and Harary [2], and denote them Gr, r = l-re. We now adapt this construction to the 
cases 6m + 1 <~n<<.6m + 6. Each of the triples of  vertices shown in Table 1 represents 
a set of  m vertex-disjoint faces, one face in each Gr, in which a new vertex may 
be added by the face triangulation operation (see Theorem 3). The subscript h is a 
function of  r and also runs through the numbers 1 to m. 
By placing the six new vertices in these six sets of  faces, we obtain m-tuples of  
maximal planar graphs on 6m + 1, 6m + 2 . . . . .  6m + 6 vertices. This last set is a subset 
of  the (m + 1)-tuple which can be constructed on 6(m + 1) vertices (if the labels are 
chosen accordingly). So for all n >~6m there is an m-tuple of  edge-disjoint MPGs. [] 
4. Triples of edge-disjoint MPGs 
In Theorem 2 we showed that if d and ~ are edge-disjoint MPGs then there are 
three faces in ~ which are vertex-disjoint from vlv2v3. We only needed one choice 
to allow us to use face triangulation to extend any pair of  edge-disjoint MPGs to a 
larger pair. In the case of three edge-disjoint MPGs, we can show that there exist three 
pairwise vertex-disjoint faces, one from each MPG. This will enable us to use face 
triangulation to create a larger triple from any small one. To prove the existence of 
the three vertex-disjoint faces, we need the following lemma. 
Lemma 5. I f  (# any maximal planar graph with n vertices, none of  which has degree 
n - 1 or n - 2, then every vertex is adjacent to another of  degree 5 or more. 
Proof. Let x be any vertex of ~, and suppose x is adjacent o vl, v2,..., vk, k/> 3, with 
(vi, vi+l) an edge of f# for i=  1 .. . .  ,k, with addition modulo k. We see that each vi 
has degree at least 3. 
Suppose that one of these, say v~, has degree exactly three. Then vkvlv2 is a face so 
that v2vk is an edge. We cannot have k=3 for then f¢ has only n =4 vertices and x 
has degree n -  1. So k >3 and v2 is a neighbour of  x, vl, v3 and vk. I f  it has no other 
neighbour, then vzv3vk is a face and v3vk is an edge. 
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Fig. 2. The neighbours of a in G1. 
If  k >~5, vk has neighbours x, Vl, v2, 0 3 and Vk-1 and we are done. If k = 4 then v3 and 
vk-1 are the same. If  ff contains any vertex besides x, vl,v2, v3, v4, then v2 has degree 
at least 5 and again the theorem is satisfied. 
So now let us suppose that each of Vl, v2 . . . . .  vk has degree at least 4. Each pair 
vi, vi+ l has a common neighbour other than x; call this ui. I f  for some i, ui ~ Ui+l then 
vi+l has neighbours x, vi, ui, ui+l,Vi+2, and so has degree at least 5. 
Finally, suppose ui=ui+l for i=  1 . . . . .  k. Now, it is clear there can be no other 
vertices in (#, so n = k + 2. But ul has degree k, contradicting the hypothesis of  the 
theorem. [] 
Theorem 6. Let ~l, f#2, ~3 be edge-disjoint MPGs, on a set of n vertices. Then there 
are faces F1 of ~1,F2 of f~2 and F3 of ~3, that are pairwise disjo&t. 
Proof. We write di(v) for the degree of vertex v in ~i. Then maximal planarity means 
ai(v)>~3 (5) 
for each choice of  i and v. The edge-disjointness of the graphs implies that 
dl(v) + d2(v) + d3(v)<~n - 1 (6) 
for each v E V. 
Since each ~i is maximal planar, its degree sum is 6n -  12. As n>~ 12, by the 
Pigeon-hole principle, each graph contains a vertex with degree >~ 6. Let x be such 
that d2(x)>~6. Inequalities (5) and (6) imply that no vertex has degree >~n-  2 in any 
graph so we may apply Lemma 5 and conclude that x is adjacent o a vertex, say a, 
in ~1 which has degree >~5. Thus, fql has the graph in Fig. 2 as a subgraph. 
For the moment we concentrate on the vertices a, b, c and x. In f#2, x may be 
adjacent o c but not to a or b. Thus, f#2 has the graph in Fig. 3 as a subgraph, in 
which z may equal c. Each of the faces xui ui+l is vertex-disjoint from the face abc 
in f#l. To find a face in f#3 which gives us the required three vertex-disjoint faces it 
is sufficient to find a face which does not contain a, b, c or x, and which, for some 
i C {1,3,3,4}, contains neither ui nor ui+l. 
We complete the proof using contradiction. Suppose it is not possible to choose 
faces from each of ~l,  f#2 and f#3, which are vertex-disjoint. Then every face in ~3 
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Fig. 3. The neighbours of x in G2. 
contains at least one of a, b, c and x, or it contains the pair {U2, U4}, or the triple 
{ul,u3,us}. Other combinations of the ui's either do not prevent a suitable face or 
are prohibited by edge-disjointness. That is, each face of ~3 contains as a subset an 
element of 
{{a}, {b}, {c}, {x}, {u2, u4}, {ul, u3, u5}}. 
We may repeat his argument starting with the vertices a, d, e and x, and saying 
that x is adjacent o the vertices Vl,V2 . . . . .  vs in fg2, none of which equals a,d or e. 
Now, every face in fg3 must contain as a subset at least one element of 
{{a}, {d}, {e}, {x}, {v2, v4}, {Vl, V3, V5}}. 
We note that there are 2n -4  faces in f#3. Of these, at most two contain the pair 
{u2,u4}, at most one contains {ul,u3,us}, at most two contain {rE, v4} and at most 
one contains {vl,v3,vs}. Thus, at least 2n-  4 -  6=2n-  10 faces contain an element 
of {a,b,c,x} and an element of {a,d,e,x}. If a face contains neither a nor x it must 
contain one of the pairs {b,d}, {b, e}, {c,d} and {c,e}. Each such pair occurs in at 
most two faces of fg3, thus the vertices b,c,d and e account for at most a further eight 
faces. The remaining 2n - 18 faces each contain either a or x. 
The number of faces containing a given vertex in a maximal planar graph is simply 
the degree of that vertex. Thus, we have 
d3(a) + d3(x)>~2n - 18. (7) 
Using (5) and (6) with x in the role of v, and d2(x)~>6 we get 
d3(x)~n-  10. (8) 
We also have dl(a)>~5 and d2(a)~>3, so (1) implies 
d3(a)<~n -- 9. 
This with inequalities (7) and (8) provides a contradiction, and the theorem then 
follows. [] 
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Coronary 7. Any triple of edge-disjoint MPGs of order n~>18 can be extended to a 
triple of order n + 1. 
Proof. Assume that d ,~ and c£ are edge-disjoint MPGs on n vertices, where n~> 18. 
By Theorem 6 there are faces A in d ,B  in ~ and C in oK, that are pairwise vertex- 
disjoint. Triangulating each of these faces with the same vertex yields three edge- 
disjoint MPGs on n + 1 vertices. [] 
As remarked at the beginning of Section 3, a necessary condition for the existence 
of m edge-disjoint MPGs on n vertices is that n >/6m-  1. Theorem 6 shows that n >1 6m 
is a sufficient condition. The existence of m edge-disjoint MPGs on 6m - 1 vertices for 
m >2 remains an unsolved problem. Finding such an example even for 17 vertices has 
proved difficult as only one edge of the complete graph does not appear in any of the 
MPGs. On the other hand, the proof that no pair of edge-disjoint MPGs on 11 vertices 
exists cannot be extended to larger values of 6m - 1. Hence, it remains possible that 
there exist triples on 17 vertices, quadruples on 23 vertices, and so on. 
The other open questions arising from this paper concern the existence of vertex- 
disjoint faces in sets of edge-disjoint MPGs. We showed in Theorem 2 that if we have 
two edge-disjoint MPGs and choose a face in one, then we can always find at least 3 
faces in the other which are vertex-disjoint from it. This result can be generalised in 
a couple of different ways. Considering pairs of  edge-disjoint MPGs, d and ~,  on n 
vertices, and given k, what is the minimum n for which every face in d is disjoint 
from k faces of  ~?  Theorem 2 may also be generalised to n-tuples of  edge-disjoint 
MPGs. Theorem 6 deals with triples: in this case one can always find three faces, 
one from each MPG, which are vertex-disjoint. We do not know what happens with 
more than three edge-disjoint MPGs. It seems likely that, at least if the vertex set is 
sufficiently large, it is possible to choose one face from each MPG so that the faces 
are vertex-disjoint. This would enable us to prove an extension of  the Corollary 7 to 
any set of  edge-disjoint MPGs. 
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